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Abstract 



The method of simple straightforward calculation of the curvature tensor of the 
Finsleroid-regular space is indicated. The Schwarzschild metric which underlines the 
gravitational field produced by static spherical-symmetric body is shown to be uniquely 
extended to the Finslerian domain upon a consistent treatment of the pseudo-Finsleroid 
axis vector field to be the field of the time variable. 

Keywords: Finsler metrics, gravitational equations, curvature tensors. 



1 



1. Description of new conclusions 

The regular Finsleroid-Finsler spaces [1] of the positive-definite type TTl^® and of 
the relativistic case TVJ^: are constructed with the help of the set {g(x), bi(x), dij(x),y}, 
where g(x) is a scalar which plays the role of the Finsleroid charge, bi(x) is an involved 
vector field, and metric tensor (which is positive-definite in the space J-'TZ^ 

and indefinite in the space FIZ^ ). The norm 



\\b\\ = c=y/a ij (x)b i (x)bi(x) (1.1) 

of the input 1-form b = b^y 1 is taken to be an arbitrary positive scalar subject to the 
restrictions: < c(x) < 1 in the positive-definite space FIZgj?, and c(x) > 1 in the 
indefinite space FR%*. In the latter space, we assume the 1-form b to be time-like. 

If we specify the Riemannian metric tensor according to 

a%j = -^hbj + miiij (1.2) 

(with b % Uij = and b % = a tj bj; Uij is the (N — l)-dimensional part of Euclidean metric 
tensor, in compliance with (A.1)-(A.7)) and assume the scalars c,m to be of the depen- 
dence c = c(r), m = m(r) on the radius variable r = sj UijX l xi (assuming also c > and 
m ^ 0), we can readily conclude that the Riemannian covariant derivative 

VA- =g-6„a\. (1.3) 

(a n ij stand for the Christoffel symbols constructed from the tensor a^x)) fulfills the 
equality 

Vibj = -(abj + cjbi) (1.4) 

(the respective calculations are presented in Appendix A); q = dc/dx l . The right-hand 
part of (1.4) does not involve the function m. It follows that 

yW Vibj = h(yc), (1.5) 

where (yc) = y h Ch- We have 

Ua = 0. (1.6) 

Under the condition (1.2) the Finsleroid-regular spaces cannot be of neither Berwald 
case nor the Landsberg type. Obviously, the Landsberg characteristic condition Vj&j = kr^ 
(derived and used in [2-5], and applied to cosmological consideration in [6]) is not realized 
when (1.4) takes place. The Berwald case would imply Vj&j = (see [1]), that is q = 0. 

At the same time, the Schwarzschild metric (which underlines the gravitational field 
produced by static spherical-symmetric body) belongs to the form (1.2). Therefore, the 
pseudo-Finsleroid regular space FTZg-^ taken together with the representations (1.2)-(1.4) 
provides us with a straightforward continuation of the Riemannian Schwarzschild-metric 
framework into the pseudo-Finslerian domain with respect to the pseudo-Finsleroid charge 
g(x) (which thereby plays the role of the characteristic parameter of extension). The 
pseudo-Finsleroid axis vector field bi(x) plays the role of the distribution of the time 
variable. 
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Key objects involved are explicitly calculated below in Appendix A upon using the 
metric tensor (1.2). Namely, calculating the associated Christoffel symbols a k ij leads to 
(A. 31), thereafter the Riemannian curvature tensor a n l k m (see the definition (A. 32)) is 
obtained according to (A. 39), and the entailed Ricci tensor a n l im is given by (A.40)-(A.43). 
With these representations, we examine the particular case: 

c=^f (1.7) 

l ~T- 

4r 



m = - ( 1 + 4- I (1- 



(see (A.47)) and 

m, — — I 1 4- 

4r 

(see (A.49)), obtaining 

a n \ m = when N = 4. (1.9) 

The respective curvature tensor a n l k m is found to read (A. 54). The vanishing (1.9) demon- 
strates that the metric tensor (1.2) with the choice (1.7) and (1.8) fulfills the gravitational 
field equations in vacuum. Raising forth the identification 

e = r„ (1.10) 

where r g is the gravitational radius of the massive static and spherical-symmetric body, 
we may conclude that in the dimension N = 4 the metric tensor (1.2) with the choice 
(1.7) and (1.8) is just the Schwarzschild metric tensor (cf. [8,9]). 

It should be noted that c < 1 of the positive-definite space transforms to c > 1 in the 
relativistic counterpart with the timelike vector 6j. The reason is that the Riemannian 
metric 

S 2 = b 2 + q 2 

of the positive-definite space must be replaced by 

S 2 = b 2 - q 2 , 

when treating the relativistic case. 

In Appendix B, using the spray coefficients found in the previous work [1], we evaluate 
the associated Finslerian curvature tensor R\ under the only conditions that V n b m — 
V m 6 n = and g = const, simultaneously keeping the general case c = c(x) of the 
norm value ||6||. The resultant representation is sufficiently simple and transparent and, 
therefore, opens up the operative possibility to evaluate the tensor 

and the current 

l> ■ l>',!J' (1-12) 

(see [2,6]) which can be used to represent the energy-momentum distribution in the re- 
spective pseudo-Finsleroid-regular space-time. Various relativistic and other applications 
are possible. 
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Appendix A: Spherical-symmetric Riemannian background 

Let us start with the (pseudo) Euclidean metric tensor e^, which inverse will be 
denoted by e lj , so that e^e- 7 " = 6™, and introduce the decomposition 

where is a unit vector and 

rank(^) = iV - 1, j/Y'uij > 0. (A.2) 

The value e = 1 corresponds to the positive-definite case; in the relativistic case we must 
take e = — 1. If we construct the contravariant vector 

e* = e ij ej, (A.3) 

we obtain 

= 1, juij = 0. (A.4) 

We get also 

ui = v? Ui m , u ^ = e u mn , (A. 5) 

and 

u ij 'u jn = - e*e n , ui = 5i j - . (A.6) 
Let us set forth the identification 

hi = e i} (A.7) 

introduce two scalars c > and m ^ 0, and specify the Riemannian metric tensor as 
follows: I 

dij := —bibj + muij, (A. 8) 

which inverse reads 

a a = tfip + _L u tf ( A .9) 
<r m 

so that a^a- 7 ™ = 5™. 

We use the contravariant vector 

b l = a lj bj, (A. 10) 

which entails 

6*^ = (A. 11) 

and 

b% = c 2 , (A. 12) 

together with 

6 l = cV. (A. 13) 

We introduce the radius variable 

r = ^JiiijX l xi , (A. 14) 
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obtaining 



dr 



drij _ 1 _ 

Q x j ~ r ^ Ui i n i n j) > 



and also 
together with 



rCrti = 1 



rub* = 0. 



We shall specify the scalars c, m to be of the dependence 

c = c(r), m = m(r), 
assuming c > and m/0. We shall also use the notation 

dc 



°i ~ dxl ~ c ' n * 



and 



so that 



and 



c l = a l3 c 



e = - c 'n l 
m 



= 0. 



Under these conditions, we obtain 



dctij ( 2 . . 



from which it just follows that 
1 



b n a\ = -b n 



or 



(A.15) 

(A.16) 

(A. 17) 
(A.18) 
(A.19) 

(A.20) 

(A.21) 

(A.22) 
(A.23) 
(A.24) 

(A.25) 



rii ( -^-b n bj + m'un^j +nj (^--^c'bib n + m'ui^j +n n [j^c'bibj 



— mu 



b n a n ij = ~c?(nibj + nfti) = ~(cibj + cfii). 
Thus for the Riemannian covariant derivative 



we obtain the simple expression 



db 

Vibj =di~ bnaHij 



Vibj = -(cibj + cjbi), 



(A.26) 



(A.27) 
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the right-hand part of which does not involve the function m. It follows that 
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We use the notation 



With (A. 25), we also obtain 



n „n 



CnO' ij 2 ^ 



and derive 



so that 



j/V Vi&j = -b(yc). 



(yc) = y h c h . 



(A.28) 
(A.29) 



rii ( -—c'b n b :j + m'u nj ) +n j ( -—c'bib n + m'u in J +n n ( -^c'hbj - m'u i:j 



n _H , 

Cna 13 ~ 2m° 



2m'nirij + —c'bibj — m'uij 



VjCo = c'riiUj + c'- (lij,- — r^n,) c' 

r 2m 



2m'riinj H — ^c'bibj — m'uij 



(A.30) 



Calculating the Christoffel symbols a k ij on the basis of (A. 8) and (A. 9) yields 
straightforwardly that 



a k a = -a kn 
13 2 



or 



rii ( -—c'bnbj + m'u nj ) +n i ( — -db n bi + m'u ni ) +n n ( —c'bibj - m'u 



>3\ C 3 



1 11 

ak ^ = --^c'b^mbj + njbi) + -- 



m'riiUj k + mrijU k + n fe (^—c'bibj — m'uij^j 



(A.31) 



We are aimed now to obtain the Riemannian curvature tensor 

j 9(1 nra 9(1 n fc 

&n km = ^ Z o ™ 

To this end we write (A.31) in the form 



O nmOj uk O rifc<2 mre- 



(A.32) 



1 , • 11 

O nm c ^ {n n b m + TL m b n ) + — 

c 2 m 



/////„//,„' h /////,„//„' - ii 1 [—db n b m -m'u r 



and get 



(A.33) 



~ I ~ c ~~ ^2 C c ) e n n( n kb m - n m b k ) 



dx k dx m 



c r 
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1 1 _/_ 



2 m : 



: mn k 



m'n n u m % - n % f — ^c'b n b m + m'u r . 



1 1 / 
+ -— mn r 

2 m A 



m'n n u k - n l ( --^c'b n b k + m'u nk 



1 1 

+ 2m 



m"n n n k + mf- (u nk - n n n k ) 
r 



u r 



1 1 

2m 



m"n n n m + mf- (u nm - n n n m ) 
r 



u k 



+ \ — ~{ u \ ~ n l n k ) \ \db n b m - m'u r , 
Zmr \ e 3 



111 / 2 , 

7T («m - n l n m ) —cb n b k - m'w nfe 



or 



1 / 1 3 \ 11 
H — n l I — c" - —c'c' b n (n k b m - n m 6 fe ) - -— m"(n k u nm - n m u nk )n\ 



2 m 



dx k dx m m r 



(u mn u k u kn u m ) 



\ \-c" - \c'c' - --d ) n n (n k b m - n m b k )b l 



c 2 \ c c 2 r c 



1 1 

-i;c'-(u nk b m - u nm b k )b % 



c 3 r 



1 1 m' 

2 m m 



™ fe 1 ~^ c ' b nb m + m'u r 



: : 1 1 I I I 1 III 



-^rc'b n b k + m'u nk 
C 6 



n 



1 1 

2 m 



/\2 



„ 1 , (m') 
m m 

r m 



n 



111 

H ~ c'6„ (& m w\ - b k u l m ) 

mr c 6 



+ — \ \-c" - \cc ---c'\ b n (n k b m - n m b k )n l 
mc* \c cr r c ' 



-\— Im" - -m') (n k u nm - n m u nk )n l . 
2m \ r J 
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In this way we get 

da\ m da\ k _ _rnf_l , 4 
ox K ox m m r 



1 /I „ 1 , , 11 , 

"~2 _C ~ ~ CC C 

r \c c z r c 



n n (n k b m - n m 6 fe )6 l b n (n k b m - n m b k )n l 

m 



11 1 ml 1 

— ~c'-(u nk b m - u nm b k )b l ^c'b n (n k b m - n m b k )n l 



c° r 



m m c° 



1 1 

2 m 



„ 1 , (m' 
m m 



A2 



m 



n n (n m u k - n k u m l ) - {n m u nk - n k u nm )n 1 ^ 



+ —-\c'b n (b m u\ - b k u l m ) - —\%cdb n {n k b m - n m b k )n\ (A.34) 
mr c d mc z cr 

Next, we obtain the representation 



C 



1 / i , 1 1 a i 

-cn k e H rCOfcn 



m c° 



1 1 / 1 > Li 

---c —mn n n m b k e 

2 c m 



lrnf_ l 
2 m 



c' 11/ ■ ■ /2c' 

■-e l (n u b k + n k b u ) + -— m'n u u k + m'n k u u l + -r-Mfc - m'w ufc 
c 2m \ r 



1 1 f2 „ , 
+ -— -^cbnbm -mu nm 
2m \c 6 



1 / » 1 1 / i 
— ce fe + -—mu k 

c 2m 



— [km] 



1 11 

—c'c'n n (b m n k - b k n m )e l - —c'c'—b n (n m b k - n k b m )n l 
c z c 4 m 



1 1 / m ' / L L \ i 
---c — n n {n m b k - n k b m )e 

2 c m 



1 777.' c' 1 / 777/' \ / \ 

~n—-. n n( n rnb k - n k b rn )e l + - ( — ) ( n n (n m u k l - n k u m l ) - {n m u nk - n k u nm )n l j 



2 m c 



4 \ m 



1 1 c'm' , , lm' 

+ - o — b n (b m u k -b k u m )-- — w nm 

2mc 6 m 2 m 



d ■ lm' • lm' 
— e — Mfc +- — u nk 
c 2 m 2 m 



e l b m + 



1 m' 
2m 
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Eventually, 



„U I U I 

u nm u uk u nk u um 



C 4 



n n (b m n k - b k n m )b l - b n (n m b k - n k b m )—n l 

m 



1 m! 

— tc' — n n (n m b k - n k b m )b l 
c A m 



+ I ( m) { rin ^ nmUk ' ~ n k u m l ) ~ {n m u nk - n k u nm )n^ 



, 1 1 d nri { j. 

+ - o — b n {b m u k - b k u m ) 

2mc A m 



1 w! 
2~m 



-U r 



1 nil 1 m ' 
—cbb k + - — u k 

c 6 2 m 



1 m! 

+ - — u nk 

2 m 



1 , 



1 w! 



cb l b m + - — u 
2 m 



Adding (A. 35) to (A. 34) we find the curvature tensor (A. 32): 

w! (\w! 1\ , i j\ 

T V - \UrnnU k ~ U kn U rn ) 

m \4 m r J 



&n km 



(A.35) 



1 / 1 „ 2 . . 11. c' w! 

~\~ c ~ ~ cc c 

c z \c c z r c cm 



n n (n k b m - n m b k )b l b n (n k b m - n m b k )n l 

m 



1 1 

2 m 



„ 1 , 3 m 

m m 

r 2 m 



A2 



TlnijT'm'U'k ^t"ra ) {j^mUnk ^k^nm)^ 



1 c' /m' 2 



-b n {b m u k - b k u m r ) - {b m u nk - b k u nm )b l 



Inserting here 



rn 



b m b. 



and 



yields the result 



ran "-ran u m u n 



Ui k = 5, k - -^hb k 



(A.36) 

(A.37) 
(A.38) 



0"n km 



1 m' ( 1 m' 1 \ , • A 

— It 1 \ a mnOk — (IknOm ) 

m m \A m r J 
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\ m! (\m! \\ ( \ 

+ — 7 V - —{a mn b k b l - a kn b m b l ) + b m b n S k - b k b n S r , 

c^ m \ A m r I \m 



1/1,, 2 . . 11, c'm' 

"~2 _c ~ ~ cc c 

c z \c c z r c cm 



n n (n k b m - n m b k )b l b n (n k b m - n rn b k )n l 

m 



1 1 

2m 



„ 1 , 3 m 

m m 

r 2 m 



A2 



y) 



+ 



1 c' /to' 2 



2r \ m r 



m 



-b n {b m u k - b k u m r ) - (b m u nk - b k u nm )b l 



Contracting over two indices leads to the representation 



to' (\w! 1\ , %T ^ 

+ -) (N — 2) 

m \4 m r J 



u, 



(A.39) 



+ 



1 / 1 „ 2 , , 11, dm! 



, , C rCC C - 

c z \ c c A r c cm 



c Ti n n m -\- b n b n 
m 



11/// 1 / 3 (m') 2 \ r 

•-— to m - w nm + (Jv — 3)n n n r , 

2 m V r 2 m 



1 d (w! 2 
2c i \m r 



c 2 u nm + (N — l)—b n b m 
m 



which can be written as 



i 1 1 L L 

«n im = niWnm + — n 2 b m b n + n 3 n m n ri 
c A m 



with 



(A.40) 



^m'/lm' 1\ 11/,/ 1 , 3(m') 2 \ Id (m' 2\ , , 

m = -(iV -2)— + to" - -to' - — ^ + — — + - , (A.41 

m \ 4 m r } 2m \ r 2ml 2 c \ m r 



n 2 



1 // 2.. 11. dm'\ Id /to' 2\ /Ar 1N , A in . 

-c" - -cV c' +--— + - TV - 1 , (A.42) 

c c z rc cm) 2 c \m r J 



and 



/I// 2 11, dm'\ 11 / „ 1 , 3(m') 2 \ , . 

n 3 = -c" - — c'c' c' to" to' - -- — - (AT — 3). (A.43) 

V c c 2 rc cm) 2 to V r 2 to 
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Let us make the substitution 

c = y(^J, m = z(^J, £ = const, (A.44) 

so that 

c> = ~^ y '> m ' = ~^ z '> (A ' 45) 

and 

° ~~ 2r* V + lQr iV ' m ~~ 2r* Z + Wr* Z ' (AA6) 

1 ^// ^ ^/^/ 11 ^/ £ ^ £ // 2^ ' ^ ' -\- ^ ' 

c c 2 r c 2r 3 y lQr 4 y Ar 2 y Ar 2 y 4r 3 y ' 

and examine the particular case 

1 + f 

c= f, £>0. (A.47) 

4r 



We have 



whence 



y' = K y" = 4 ^3 , (a.48) 

4r J 1 1 4r 



^Lq'q' ——c 3—-— ' + — " 2 _ ' _ ' 

c c 2 r c 4r 3 y lQr 4 y Ar 2 y Ar 2 y 




= 6- 



1 

4r 



1 + 4r / V 4r 



1 

4r 



1 

4r 



l + — ) i i - 

4r / V 4r 



4r 



-6 + 4 



1 - 



4r 



1 

4r 



4r 



We shall confine the treatment to the relativistic e = — 1: 

4 



m = 



1 + f 

4r 



(A.49) 
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obtaining 



and 



1 d (m! 2 

2 c \ m r 



m 
m 



2 

r 



1 

4r 



1 + 



4r 



1 



1 

4r 



1 

4r 



1 + 



1 
4r 



+ 



1 

i 4r 

r 



1 



1 

4r 



2 

+ - 

r 



1 

4r 



1 + 



4r 



2 ' 



Im! 1 

,:- + - 

m \ 4m r 



and also 



Therefore, 



1 

— I m 

m 



(m! 
m 



1 

—m 

r 



1 

4r 



4r 



1 

4r 



r m 



4r 



+ 



4^2 



3 (m') 2 
2 m 



rn 
rn 



1 



4r 



1 to' 

r m 



1 

4r 



1 + f 

4r 



1 (to 



r\2 



2 m 2 



2 ' 



m 
m 



2 £ 

h — 



l 



1 + 



— r h 2— 

£ \ r 4r 2 

4r 



1 + 



4r 



to' 3 
to r 

whence we have 



-1 + 



4r / £ 

1 + T~ 

4r 



Thereafter, we obtain 



m' 3 
to r 



ni = 0. 



» + f 

4r 



12 V 4r 



' ' 1 + f 

4r 



2 ' 



(A.50) 
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= 6- 



1 

4r 

A-i. 



1 - 2- 



1 

4r 



whence 



n 2 = n 3 = 0. 



6- 



1 

4r 

4r 



2 ' 



(A.51) 



The conclusions (A. 50) and (A.51) tell us that 

dnim = when A = 4. 
Under these conditions, the tensor (A. 39) reduces to 



(A.52) 



On km 



4r 



1 + 4r 



2 (UmnUk U kn U m ) 



3 / I 

n n (n k bm ~ n m b k )U b n (n k b m - n m b k )n l 



m 



-z(n n (n m u k l - n k u rn l ) - (n m u nk - n k u nm )n*j 



1/1 



which can also be written as 



—b n (b m u k - b k u m l ) - (b m u nk - b k u nm )b l 



1 

4r 



4r 



2 (u mn U k U k nU m ^j 



-3^n n (n m u k - n k u rn l ) - (n m u nk - n k u nm )ri^j 



(A.53) 



(A.54) 



Contracting the last tensor by the vector b yields the simple result, namely, 
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and 



u u n km 



4r 



r 2 / ^ 2 



— (b m {u k l - 3n k n l ) - b k (u m l - 3n m n 1 )] 
m\ / 



(A.56) 



from which it follows that 



{bb m b n _ b m y n _ ft^m)^ = 



1 

2 4^ 



i i 

-(u nk -3n n n k )b l y n +— b(u k l -3n k n l ) b k (u m l - 3n m n l )y m . (A.57) 

m m 



Appendix B: Curvature tensor of the space T7Z p g ® 
Below the evaluations are restricted by the particular conditions 

V n 6 m -V m 6 n = 0, g = const, (B.l) 
simultaneously keeping the general case 

c = c(x) (B.2) 

of the norm value ||6||. 

In terms of the convenient notation 

(ys) = y>y h V 3 b h (B.3) 

the spray coefficients of the space TTl^® read 

(? = ^ys)v i + a i km y m y k (B.4) 



(see [1]), entailing 



G\ = --v k %s)v l + 1 9 -s k v l + %s)r\ + 2a\ m y m , (B.5) 

V V V V 



where s k = y h V k bh and 



The derivative 



v k = ^v k + (1 - c 2 )gb k . (B.6) 

d W k ) 1 11 

— 7T-z — = ~v k v m H T] km (B.7) 

oy m v 2, v q 
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will be applied. 

Differentiating (B.4) with respect to y m yields the result 

G\ m = ~-Vk ( --v m -(ys)v l + 2-s m v l + -{ys)r l m ] - I — \v k v m + --i] km ] -{ys)v l 
v \ v v v v I \ v q J v 

V 1 V V 

-^(ys)v m r\ + 2-s m r\ + A, 

V V 

which can conveniently be written as follows: 

G l km = ~ ( -\v k V m + --7]km ) ~(ys)v l + 2-(V m 6fe)^ 

v A v q I v v 



- 2^(v m s k + v k s m )v l + 2^-(s k r l m + s m r\) - ^{ys){v m r\ + v k r l m ) + 2a\ m . (B.8) 

Next, we perform required differentiation with respect to x k , obtaining 

8& dG l g 



dx k dx k 



-^(V s ) {l,k +g(l- c 2 )^-,^ - 2gbcc k y, 



Since 



we can write 

dG^ = _g_ 

dx k qv 2 



q,k = --bb j)k y ] = --bs k + A, (B.9) 
q q 



{ys) (b - gq(l - c 2 ))s fc ^ + ^{ys)2gbcc k v i 



+ 9 -v l y m y n V k V m b n - 9 -{ys){s k U + bV k U) + A. (B.10) 

Also, 

V J -g-j = ^2^ s ) (b - gq( l - c 2 ))(ys)v l + -^(ys)2gbc(yc)v l 



with the vector 



b 

e k = ~^v k - b k , (B.ll) 
Q 



which obeys the equality 

de k b 1 



After that, we derive the equality 

k = -2^u k (ys) (b - gq(l - c 2 )) (y S y - ^v k (ys) (b - gq(l 



dy k 



+2 9 -{ys) (b - gq(l - c 2 ))s k v l + 9 -{ys) [b - gq(l - r 2 ) ) (,js)r\ 
+%s)(b k - g-v k (l - c 2 ))(y S K 



-4-v k g(ys)gbc(yc)v t + g(ys)2gb k c(yc)v l + g(ys)2gbcc k v l 



+g(ys)2gbc(yc)r\ + gs k 2gbc(yc)v l 



-gv k vWy m y n ^N m b n + gvtfy^V* V m b n r\ 



+gvv l 



V k y m y n + 2yiy m 6 n k 



VjV m 6„ 



+gis k (ys)((ys)b i + bs*) - gvs k ((ys)b l + bs 1 ) - gv(ys)(s k V + b k s l ) + A 
With these observations, we find 



3-(ys)(b - gq(l - c 2 )^s k v l + 3g(ys)2gbcc k v l 



+3gvv i y m y n V k V m b n - 3gu(ys)s k b i - 3gv{ys)bV k V 



+2^u k (ys) [b -gq(l- c 2 ) J {ys)v l + ±v k (ys) [b - gq(l - c 2 )) {ys)v l 
-2 9 -{ys) (b - gq(l - c 2 ))s k v l - 9 -(ys) (b - gq(l - c 2 )) (y S )r* fc 
--(ys) (b k - g-v k (l - c 2 ) ) (ys)v l 
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+A-v k g(ys)gbc(yc)v l - g(ys)2gb k c(yc)v l - g(ys)2gbcc k v l 



-g(ys)2gbc(yc)r\ - gs k 2gbc(yc)v l 



+gv k v i y j y m y n V j V m b n - gvy 3 y m y n V jV m b n r l k 



-guv 



5i k y m y n + 2yi y m 5 n k 



V,-V m 6 n 



-gv k {ys){{ys)b l + bs l ) + gvs k {(ys)b l + bs l ) + gv{ys){s k V + b k s l ) + A 



2-(ys) (fc -gq(l- c 2 )) SfcU* + Ag{ys)gbcc k v i 



+2gvv i y m y n V k V m b n - gu(ys)s k b i - 3gu(ys)bV ' k b l 



+2^u k (ys) (b -gq(l- c 2 )) (ys^ + ^v k (ys) (b - gq(l - c 2 )) (y S y 



~(ys)(b- gq(l - c 2 ) )(/y.s)/-' A 



--(ys) (& fc - g-v k (l - c 2 )) (ys> 



: ( A-v k g(ys)gbcv l - 2g(ys)gb k cv l - 2g(ys)gbcr\ - 2gs k gbcv l J (>■) 

-g(y ] y m y n v 3 v m b n yur\ - v k j) - 2gu{y 3 y m v )V m b k y 



Finally, 



gv k {ys) {ys)b l + - gbv k {ys) + gvs k b + gu(ys)b k 



s l + A. 



v 



dx k dy k 



-g[y 3 y m y n V 3 V m b n ) [vr\ - v k v { ) + 2gvy^y m {v k V m b ] - V 3 V m b k 
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-3.y7/(/y.s)6Vfc6 l + g vs k - v k {ys) + ^u(ys)b k (bs l - (ys)b 1 ^ + ^gv(ys)(ys)b k b l 



+ ( 4:-v k g(ys)gbcv l - 2g(ys)gb k cv l - 2g(ys)gbcr\ - 2gs k gbcv l ] (yc) + Ag(ys)gbcc k v l 



+2 l( ys )(b-gq(l-c 2 )y k v l 
+2^-(ys) (b - gq(l - c 2 )) {ysjv^ 
--M(6-^(l-c 2 ))M^ 
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l(ys) (b k - g\ k {\ - c 2 )) (ys)v l + A. 



After that, we evaluate 



£.12) 



Vjg(ys)v l + 2gvSjV l + gu(ys)r l j -u k g(ys)v 3 + 2gvs k v 3 + gu(ys)r J k 



-Vjg(ys)v l -v k g{ys)v 3 + 2gvs k v 3 + gv(ys)r J 



+2guSjV l 



-Vkg(ys)v J + 2gus k v J + gu(ys)r J k 



+gv{ys)r t j -u k g(ys)v :) + 2gvs k v :s + gv{ys)r 3 k 



and arrive at 



1 



2v^G m G\ m = 2g(ys)v m ( 2v k v m - v-p km ) g(ys)v l + 2g{ys)v m 2gu\V m b k )v l 



-2gu(ys)v m 2g(u m s k + v k s m )v l + 2gv (ys)v m 2g(s k r l m + s m r\) 



Therefore, 



gu(ys)v m g(ys)(u m r l k + v k r\ n ) + A. 



2v A G j G i kj - //'r/'//'/.. 



(B.13) 



2g\ys)v m [ 2v k v m - v-p km J (ys)v l + Ag 2 (ys)v m u 2 (V m b k )v l 



4g 2 v(ys)v m (is m s k + v k s m )v l + 4g 2 u 2 (ys)v m s k r l m + Ag 2 v 2 (ys)v m s 



-g v{ys)v m {ys){v m r l k + v k r l m ) 



+v j g 2 (ys) -v k (ys)v 3 + 2vs k v 3 + v(ys)r 3 k 



+2g 2 vs j 



Vk(ys)v J - 2vs k v 3 - v{ys)r 3 k 



+g 2 v{ys)r l j v k {ys)v 3 - 2vs k v 3 - u{ys)r i + A, 
, on reducing similar terms, 



2u 4 G 3 G i kj - ^G l jG j k = 



2g 2 {ys)v m ( 2v k v m - v^q km ] (y S y + Ag 2 {ys)v m v 2 {V m b k )v l 



-2g 2 v{ys)v m {v m s k + u k s m )v l + 2g 2 v 2 {ys)v m s k r l m + Ag 2 u 2 (ys)v m s 



g v(ys)v m (ys)v m r\ 



+Vj9 2 (ys) -v k {ys)v 3 + v{ys)r 3 k 



+2g 2 vs J 



-2vs k v 3 - v{ys)r 3 k 



- g v{ys)r l jv{ys)r 3 k + A. 

On applying the contractions 

v m s m = (ys) - ba, uVj = v* - (1 - c 2 )bb l , 
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r ] m r l , = r\ - (1 - c 2 )b l b m , Vj v j = q 2 - (1 - c 2 )b 2 , 



and 



Vj v> = v- (1 - c 2 )-(b 2 + gc 2 bq) 



(B.16) 
(B.17) 



(see [1]), the above expression reads 



2v*&G\ j - v*G l iG\ = 4g 2 (ys)u k v - (1 - c 2 )-(b 2 + gc 2 bq) {ys)v l 



-2g 2 (ys)u- v k - (1 - c 2 )te fe - - Wfc (g 2 - (1 - c> 2 ) (ys> 



+V(ys)i/ 2 (s fe - ba k )v l 



-2g 2 u(ys)\ v - (1 - c 2 )-(b 2 + gc 2 bq) 



Sk + v k 



+2g 2 v 2 {ys)s k [v i -{l-c 2 )bb i ] 



+4g 2 v 2 (ys)((ys)-ba)r t k 



-g 2 v{ys){ys) 



v - (1 - c 2 )^(b 2 + gc 2 bq) 



r k 



+Vj9 2 (ys)(ys)(vr J k - v k v 3 )v l - 2g 2 usj (ys)r J k + 2s k v 



g 2 u 2 (ys)(ys) r \-{l-c?)Vb k 



+ A. 



For the /i/i-curvature tensor R\ we may use the formula 



K 2 R\ :=2 



dG l dG'dG 1 , d 2 G i 



d 2 G l 



dx k dyi dy k ^ dxWy k ' dy k dy 



2G j 



(B.18) 



F)G i f)G i 



(B.19) 



(which is tantamount to the definition (3.8.7) on p. 66 of the book [7]); we apply the 
notation 



1 



1 



^ 2 k 2 ^ m 2 ' C " 1 ' kmn ^ kmn- 
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